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Abstract. In this paper we prove that if 4> '■ C — » C is a if-quasiconformal map, 
< t < 2, and E C C is a compact set contained in a ball B, then 



diam(B)* ~ v ; I diam(^(B)) t ' I 

where if = 2 K-Kt+t anc ^ ^ S stands f° r the s-Hausdorff measure. In particular, 
this implies that (j> transforms sets of finite i'-Hausdorff measure into sets of finite 
i-Hausdorff measure. 

1. Introduction 

A homeomorphism : Q — > Q' between planar domains is called if-quasiconformal 
if it preserves orientation, it belongs to the Sobolev space (fl), and it satisfies 

max \d a (j)\ < K min \d a <j)\ a.e. in Q. 

a a 

When K = 1, the class of quasiconformal maps coincides with the one of conformal 
maps. 

In his celebrated paper on distortion of area [Ast94j . Astala proved that if E C C 
is compact, dim H (E) denotes its Hausdorff dimension, and is if-quasiconformal, 
then 

1/1 1\ 1 1/1 1 

<- ——--<K 



K\dim H (E) 2 J ~ dim H (cj)(E)) 2~ \dim H (E) 2 / 

In a recent remarkable work, Lacey, Sawyer and Uriarte-Tuero [LSUTj showed 
that if E has positive t-dimensional Hausdorff measure, then <f>(E) has also positive 
t'-Hausdorff measure, with t' = 2K ^ t Kt+t (the relationship between t and if corre- 
sponds to the endpoint case in the rightmost inequality above) . Indeed, they proved 
that if stands for the s-dimensional Hausdorff content and E is contained in a 
ball B, then 

Hl(E) ( Hj(4>(E)) \^ 

diam(5)* - 1 ' Vdiam(0(5))*7 ' K ' } 

The case t = 1 of (11. ip had been proved previously in [ACM + 08] . On the other 
hand, among other results, in |ACT + 09| it has been shown that if if*' (E) is a-finite, 
then H l ((()(E)) is also cr-finite (here H s stands for the s-Hausdorff measure). 
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In this paper we will show that if H 1 ' (E) is finite, then H t ((j)(E)) is also finite. 
Moreover, we will prove that the estimate fll.l[) also holds if we replace Hausdorff 
contents by Hausdorff measures. The precise result is the following. 

Theorem 1.1. Let < t < 2 and denote t' = 2 K-Kt+t ■ Let <f> : C — > C be 
K-quasiconformal. For any compact set E C C, we have 

H\E) ( H 1 ' (cf)(E)) 

diam(B)* - 1 ' \dmm(<P(B)Y J ' 1 ' ' 

Notice that if we apply the preceding result to the map </> -1 (which is also K- 
quasiconformal) and to the set <fi(E), we get 

H l \E) < oo H\(f)(E)) < oo. 

When t = 2, the theorem also holds: it coincides with Astala's theorem on the 
distortion of area |Ast94] (see also [A1M09L p.325]). 

To prove Theorem 11.11 we will use a suitable version of the classical Frostman 
lemma and a result from |ACT + 09j which yields estimates for the quasiconformal 
distortion of sets in terms of the so called /i-contents. This type of contents looks 
like the usual Hausdorff contents, but they are associated to gauge functions h which 
depend on the point x, besides the "radius" r. They first appeared in [TUT09j in 
the study of the quasiconformal distortion of sets with positive analytic capacity, 
and they were further exploited in [ACT + 09~] , mainly because of their relationship 
with the Riesz capacities from non linear potential theory. 

Let us remark that previous (weaker) estimates on quasiconformal distortion in 
terms of Hausdorff measures were obtained by Prause [Pra07j . He proved a result 
analogous to Theorem 11.11 with the Hausdorff measure H l on the left side of (II. 2p 
replaced by the Hausdorff measure associated to a gauge function of the form r* e(r), 

Kt' , 

with e(r) satisfying J eyr) Kt '- t ^ < oo. 

In the paper, as usual, the letter C denotes a constant (often, an absolute con- 
stant) that may change at different occurrences, while constants with subscript, 
such as Ci, retain their values. The notation A < B means that there is a positive 
constant C such that A < CB; and A m B means that A < B < A. 

Acknowledgement: I would like to thank Ignacio Uriarte-Tuero for informing me 
about the problem of proving that ii'-quasiconformal maps transform sets of finite 
t'-Hausdorff measure into sets of finite t-Hausdorff measure. 



2. Preliminaries 

In this section we review some definitions and results from |TUT09j and [ACT+09] 
(mainly dealing with the ft-contents). They will be used to prove Theorem ll.il 
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Let jj, be a finite Borel measure on C. For < t < 2, for any ball B C C with 
radius r(B), we denote O^B) := fj J (B)/r(B) t . Given a parameter a > 0, we consider 
the function 

Mx) = j^pp x G C. (2.1) 
For the ball B = B(x, r) we define 

1 f / y — x \ 

£^a,t(z,r) =e^ t {B) := — ^ a ^——Jd^(y), (2.2) 

and we consider the gauge function 

K, a , t {x, r) = h^ t (B) := r% jajt (B). (2.3) 

Notice that e^ t {B) and h^ a t (B) can be considered as smooth versions of 9 t (B) 
and fJ,(B), respectively. One of the advantages of e^ att (x,r) over ^ M (x,r) (where, of 
course, 9t(x, r) := 6 t fl {B{x, r))) is that e^ a j(x, 2r) < Ce^ a ,t( x i r ) f° r an y x an d r > 0, 
which fails in general for 6^(x, r). Analogously, we have h^ a t (x, 2r) < C h^ a)t (x, r), 
while fi(B(x,r)) and n(B(x,2r)) may be very different. 

Let *B denote the family of all closed balls contained in C. We consider a function 
e : B :— > [0, oo) (for instance, we can take e = s^aj), an d we define h(x,r) = 
e(x, r) r*. We assume that e, /t are such that h(x,r) — > as r — > 0, for all x G C. 
We introduce the measure if' 1 following Caratheodory's construction (see [Mat95j . 
p. 54): given < 5 < oo and a set F C C, we consider 

H^(F)=mfJ2h(B i ), 

i 

where the infimum is taken over all coverings F C [J, -Bj with balls Bi with radii 
smaller that 5. Finally, we define 

H h (F) = ]im Hjt(F). 

Recall that H h is a Borel regular measure (see [Mat95t p. 55]), although it is not a 
"true" Hausdorff measure. For the /i-content, we use the notation M h (E) := H^E). 

We say that the function e(-) belongs to Q\ if it verifies the following properties 
for all balls B(x, r), B(y, s): there exists a constant Ci such that if \x — y\ < 2r and 
r/2 < s < 2r, then 

C^efor) <e(3/,s) < C 2 e(x,r). (2.4) 

It is easy to check that the function e^ a ,t introduced above belongs to Qi, for all 
< a < 1. Moreover, 

Lemma 2.1. For any Borel set A, 

M h ^{A) > C{a,t)- l n{A). 

See |TUT09[ Lemma 2.2] for the (easy) proof. 

As explained in |TUT09[ Lemma 2.1], Frostman Lemma holds for the contents 
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Lemma 2.2. Let e G Q\ and h(x,r) = r t e(x,r). Given a compact set FcC, the 
following holds: M h (F) > if and only if there exists a Borel measure v supported 
on F such that v{B) < h(B) for any ball B. Moreover, one can find v such that 
v(F) > c~ l M h (F). 

Given an arbitrary bounded set A C C, let B a ball with minimal diameter that 
contains A. We define s(A) := e(B). If B is not unique, it does not matter. In this 
case, for definiteness we choose the infimum of the values s(B) over all balls B with 
minimal diameter containing A, for instance. Analogously, if h(x,r) = r* e(x,r), we 
define h(A) as the infimum the /i(i?)'s. 

Recall that a quasiconformal map : C — > C is called principal if <fi is conformal 
at oo (i.e. <90 has compact support) and moreover 4>(z) = z(l + 0(^ -1 )) as z — > oo. 

One of the main technical results from |ACT + 09| is the following. 

Lemma 2.3. Let < t < 2 and a > 0. Let <p : C — > C be a principal K- 
quasiconformal mapping, conformal on C \ D. Let \x be a finite Borel measure on C 
and E C 5(0,1/2). Denote 

s^x, r) := e^ a:t ((f)(B(x, r))) 1 ^, h<f,(x, r) := /^(x, r). 
//a /ias 6een chosen small enough (depending only on t and K), then we have 

M h ^((j)(E)) < C(K,t)M h *(E)VK. 

Let us remark that the case t = 1 of the preceding result had been obtained 
previously in [TUT09j . 

3. The proof of Theorem 11.11 
3.1. A technical lemma. 

Lemma 3.1. Let fi be a finite Borel measure and let x G C and 6\ > be such that 

KB ^ r)) <e x if 0<r<5. (3.1) 

Then there exists 8' > depending only on 5, a, t, 8± and /x(C) such that 

£^a,t(x,r)<9 2 if0<r<5', 
with 82 depending only on a,t,0\. 
Proof. By the definition of e^ a ,t and ipa,t, 

J\x- y \<vr \ r J j£> 2^ i+a )r* 

If 2-V < 5, we use the estimate (13.11) . Otherwise, we take into account that 

KBjx^r)) < //(C) 



<01, 
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So if N denotes the biggest integer such that 2 N r < 5, then 

0<j<N j>N+l 

, C (, 1 + 2 -f)), C ( ei + ^) 

If we take 5' small enough so that 

the lemma follows. □ 
3.2. The main lemma. 

Lemma 3.2. Let < t < 2 and denote t 1 = 2 K-Kt+t • Let (ft : C ^ C be K- 
quasiconformal. Assume that <p is principal and conformal outside the unit disk, 
and that E c .8(0, 1/2). T/jen, 

#*(£) < C(K) H*' \4>(E))vk . (3.2) 

Proof. All the constants C, Cj in this proof are allowed to depend on t and K. 

To prove (13.21) . we may assume that H l (E) is finite. Because of the estimates on 
the upper density of Hausdorff measures (see |Mat95l p. 89]), there exists 5 > and 
F C E compact such that H\F) > H t (E)/2, and 

H t (B(x, r) n E) 



< 5 for all x e F and < r < 5. (3.3) 



Consider the measure /i = H* F and the associated /i-content M h ^ a ' f . Recall that we 
have 

M h ^*{F) > C- l ^{F) = H\F), (3.4) 
assuming the parameter a > above small enough. By Lemma 12.31 

M h »**{F) < C(K,t)M h +(<f>(F))7K, (3.5) 
where M * is the content associated to the gauge function 

h^x, r) := r*'e (x, r), e^x, r) := e^ ait {(jr l {B{x, r))) 1 ^. 

By Frostman's lemma we deduce that there exists some measure v supported on 
0(F) such that v{<j>{F)) « M h *{(j)(F)) and 

r)) < ^(x, r) = / e (B (x , r)))^. (3.6) 

From ( 13. 3ft and Lemma I37T1 we infer that £ M . a .t(y, s) < C\ for all y G F and < s < 5', 
with 5' sufficiently small (depending on S,a,t, fi(F)). The contant C\ only depends 
on a, t. 
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By the Holder continuity of 0, we have e^t{4>~ l {B{x, r)) < C\ for all x G 0(F) 
and < r < 5", with 5" sufficiently small. Indeed, by the definition of s^, there is a 
ball B(y,s) D 0~ 1 (F(x,r)) with s ~ diam0 _1 (F(:r, r)) such that 

^(^(^(x, r)) = e M , a , t (F(y, s)). (3.7) 

Using the Holder continuity of (see |AIM09I p. 82], for instance), if B(x,r) C D, 
we infer that 

<c(if) z ' 



diam(0(©)) - v ' diam(D) 1 /^ ' 
Since is principal and conformal outside the unit disk, diam(0(D)) « diam(D) 1, 
and thus s < C 2 (K)r^ K . As a consequence, if r < C 2 (F)- X (<5')^ = : then s < 5', 
and by (I3TTD . 

W^F^r)) <Ci, 

as claimed. 

From the preceding estimate and ( 13. 6ft . we obtain 

v{B(x, r)) < C z r 1 ' all x G 0(F), < r < 5", 

with C 3 = df . This implies that #*'(0(F)) > u(<j>(F)). Indeed, if 0(F) C (J f A, 
with diam(Aj) < d < 5"/2 and Aj H0(F) 7^ 0, let F; be a ball centered on 0(F) HA; 
with radius r(Fj) < diam(v4j) < 5". Then, 

^diam(A) 4 ' > E r W % ^ 

i i i 

and so F<'(0(F)) > z/(0(F)) for all < d < <5"/2. 
From and ([33D it follows that 

H\F) < M^(0(F))^ » i/(0(F))F^ < F*'(0(F))^. 

Since F*(F) « H\F) and F*'(0(F)) < F<'(0(F)), the lemma follows. □ 



3.3. Proof of Theorem 11.11 The theorem follows from the preceding lemma by 
standard arguments in quasiconformal theory. However, for completeness we give 
the details. 

We factorize = 02 0i, where 0i, 02 are both F-quasiconformal maps, with 0i 
principal and conformal on C\2F, and 02 is conformal on 0i(2F). Let g(z) = dz + b 
be the function that maps the unit disk to 2F (so d = diam(F)). The function 
h = g~ x o 1 o g verifies the assumptions of the main lemma, and thus 

H t (g^ 1 (E)) < C(K) H 1 ' (h(g^ 1 (E)))^k . 

Since g is an afline map, we have 
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Using also that that diam(0i(I?)) « diam(0i(25)) ~ diam(2i?) by quasisymmetry 
and Koebe's distortion theorem, we get 



diain(B)* - 1 J Uiam(0 1 (5))*' y ' ' 



On the other hand, since 02 is conformal on <pi(2B), by Koebe's distortion theorem 
and quasisymmetry, for each ball B contained in B, 

diam(0 2 (0i( J B o ))) _ diam(0 1 ( J B o )) 

diam(0 2 (0i(2 J B))) ~ diam(0i(2fi))' 

From this estimate and quasisymmetry again, it is straightforward to check that 

diam(0i( J B))*' ~ diam(0(S))*" 
with constants depending on K, which together with (13.81) yields (11. 2ft . □ 
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